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Abstract. A system of metastable plus unstable states is discussed. The mass matrix governing the time
development of the system is supposed to vary slowly with time. The adiabatic limit for this case is studied
and it is shown that only the metastable states obtain the analogs of the dynamical and geometrical phase
factors familiar from stable states. Abelian and non-Abelian geometric phase factors for metastable states

are defined.

PACS. 03.65.Vf Phases: geometric; dynamic or topological — 11.30.Er Charge conjugation, parity, time
reversal, and other discrete symmetries — 31.70.Hq Time-dependent phenomena: excitation and relaxation
processes, and reaction rates — 32.80.Ys Weak-interaction effects in atoms

1 Introduction

The investigations reported in this paper are in connection
with an effort to measure atomic parity-(P-)violating ef-
fects with an atomic beam interferometer described in [1].
Parity violation in atoms through neutral current ex-
change was already studied in [2]. The seminal paper in
this field is [3], for reviews see [4-6]. Measurements of P-
violating effects in heavy many electron atoms like Cs and
T1 have already reached a high precision [6-8]. For atoms
with a single electron like hydrogen or deuterium, how-
ever, experimental measurements have, so far, not been
successful. In an atomic beam apparatus an atom can
be subjected to external electric and magnetic fields. Un-
der suitable conditions the motion of the atom can be
described in the adiabatic limit. As is well-known from
Berry’s work [9] the atomic wave function can then ac-
quire a geometric phase factor. For a collection of impor-
tant papers on geometric phases see [10]. We shall study
how such phase factors occur for metastable states and
classify the phases in parity conserving (PC) and parity
violating (PV) ones. The final aim is to see if PV geo-
metric phases are large enough to be measurable with an
atomic beam apparatus. But this will be dealt with in
future work.

Our paper is organised as follows. In Section 2 we dis-
cuss the description of unstable atoms in slowly varying
external electric and magnetic fields. We discuss the adia-
batic limit for stable states and a set of unstable states all
having the same decay rate in Section 3. In Section 4 we

# e-mail: T.Bergmann@ThPhys.Uni-Heidelberg.de
b e-mail: T. Gasenzer@ThPhys.Uni-Heidelberg.de
¢ e-mail: 0.Nachtmann@ThPhys.Uni-Heidelberg.de

deal with a simple example of a two state system where
one member is longer lived than the other one. The more
general case of a number of metastable states with equal
decay rates and a number of unstable states with larger
decay rates is treated in Section 5. Our conclusions are
presented in Section 6. Two appendices present the de-
tailed mathematical arguments leading to the results of
Sections 4 and 5. In the companion paper II [11] we study
the metastable 28 states of hydrogen and deuterium and
identify the PC and PV phases occurring there. In the
following we shall refer to tables of II by Table II.1 etc.,
to equations as (II.1) etc.

We use units h = ¢ = 1 if other units are not explicitly
indicated.

2 Metastable states, generalities

Let us consider an atomic system with N stable or un-
stable states. We assume that the atom is at rest and
subjected to slowly varying external electric and magnetic
fields. The effective Schrodinger equation for the system
is then, in the Wigner-Weisskopf approximation,

o,
1) = A0, (1)

where |t) is the state vector of the undecayed states and
A (t) the mass (or complex energy) matrix which is, in
general, non Hermitian. For a discussion of the complete
Wigner-Weisskopf solution see for instance [12].

To give an example which we shall study in detail in II
let us consider the states with principal quantum number
n = 2 in ordinary hydrogen. As basis states we have here
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the 2S and 2P states. In total these are N = 16 states
which we number as shown in Table I1.4. In Table I1.5. we
also give the mass matrix .#, for the case of zero external
fields. With external fields the mass matrix is

M) = My~ D-E(t) — - B(b). (2)

Here £(t) is the electric, B(t) the magnetic field strength
vector. These are supposed to vary only slowly with t.
Furthermore D is the matrix of the electric and p of the
magnetic dipole operators in the space of n = 2 states, see
Tables I1.6 and I1.7, respectively.

We return to the general case (1). We want to study
the adiabatic limit, that is, a given change of .# (t) with
t is made over a longer and longer time. Following [13] we
implement this by introducing a reduced time 7, setting

T
t= ToT (3)
where 7 is some fixed time. We consider the system over
the interval

0<r<7 (4)

in the limit of larger and larger T. The mass matrix in (1)
is supposed to be a function of 7 only

M(t) = M (7). (5)
We get then from (1) with |t) = |T;7)
5T 7) = —A(7)IT; 7). )

Here and in the following we indicate explicitly the depen-
dence of the quantities on 7 and T, respectively.

The mass matrix .#(7) (5) can be decomposed into
the Hermitian energy and decay matrices

M (r) = B(r) - L)
E'(7) = E(7),

I'f(r) = I(7). (7)
We suppose that I'(7) is a positive-semidefinite matrix
‘() = 0. (8)

We suppose, furthermore, that for all 7 .# (1) can be di-
agonalised. (This is, for instance, guaranteed if .#(7) has
N different eigenvalues.) Then we have for all 7 complete
sets of right and left eigenvectors satisfying

L(r) =i((r) - L

M (1), 7) = E(ar, 7|, 7), (9)
(a,7|A (1) = (;7|E(, 7), (10)
(a=1,...,N).
Here E(a, T) are the — in general complex — eigenvalues
of A (1),

E(aaT) = ER(avT) - %F(av’r)a (11)
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with Er(a, ) the real part of the energy and I'(«, 7) the
decay rate of the state |«, 7). We choose the normalisation
of the eigenvectors such that

(@, 7]B,7) = bag;

(12)
(13)

(no summation over «).

Everything is supposed to be continuous in 7 and we shall
use this in the following in an essential way.
From (8) follows

I'la,7) 20, (a=1,...,N). (14)

The proof is simple. From (8)-(13) we obtain

(@, 7IL(r) | 7) = (,7li () = ' (7)) o 7)

=I(a,7) > 0. (15)

Note that the reverse is in general not true, that is, (8)
does not follow from (14).

Now we expand the state vector |T';7) in terms of the
eigenstates |, 7):

T;7) = XN:%(T;T)I%T)- (16)
From (6) we get then -
i palTi7) = %E(am)wa(T;r)
fZ @ T|1 —18, T)ws(T5 ). (17)

The task is to discuss the solution of (17) for large T'.

3 Stable states and states with equal decay
rates

Here we discuss briefly the cases that all states are stable
or that they are unstable but have equal decay rates. In
detail we suppose the following

I'la,7)=T(B,7)=0 (18)

for all o, 8 € {1,..., N} and all 7 € [0, 79]. This includes
the case of stable states where I'(a, 7) = 0. Furthermore
we suppose

|E(e,7) = E(B,7)| 2¢>0 (19)

for all & # @ and all 7 € [0, 79], where ¢ is a positive con-
stant. With (18) and (19) the discussion of the adiabatic
limit of the solution of (17) can be done exactly as in [13]
and one finds as solution of (17) for large T

alT37) = b | i () + Haa(7)]

<{uaoro ()},

(a=1,...,N). (20)
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Here T, (7)/70 is the dynamical and v, (7) is the geo-
metric (Berry-)phase,

0a(T) = /OT dr’ E(a, "), (21)

— 9
_ / /03 /
Yaa(T) = /0 dr’ (e, |107" |, 7). (22)

From (20) we see that for large T' the following holds.
If we start with an eigenstate of .Z(0) for 7 = 0 the
system will be in the corresponding eigenstate of M (10)
for 7 = 719. For decaying states (satisfying (18)) both, the
dynamical and the geometric phase factors will have real
and imaginary parts. That is, also the effective decay rates
of the states o will obtain a geometric contribution. The
real, but not the imaginary part of the geometric phase
is “gauge” dependent. If we change the definition of the
states |a, 7) by

|O¢,7‘) - |OL,T)/ - eina(T)|a77—)a

(23)

(@7 — (@7 = 0 (@77,
where 7, (7) must be real in order to respect (13) we get

.0 .0 OMNe(T)
(oz,7'|167_|a,7') — (a,T|1aT|a,T) — .

24
or (24)
The change of the geometric phase (22) induced by the
transformation (23) of the basis states is, therefore,

'Yga (T) = 'chz(T) - %(T) + na(o)' (25)

4 A two state system of decaying states

Before going to the general case of N decaying states we
discuss as an example a system with two unstable states
(N = 2). Let the state 1 be the longer-lived one. In detail
Wwe suppose

Ir2,7)—Ir'Q,7) > Al'pin >0 (26)
for all 7 € [0,79], where Al is a fixed constant. The
real parts of the energies, Er(1,7) and Fr(2,7), see (11),
can be arbitrary. From (17) we get for N = 2 the coupled
equations

i%(T;T) = |:£E(1,T) - an(T)] Vi (T7)

or T0
- (112(7)1/)2(T5 T),

i (T57) = FE(Q,T) - aQQ(T)] Yo (T 7)

70

— an (7)1 (T; 7). (27)
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Here and in the following we use the definitions
aas(r) = (@7l r[3,7), (28)
ap(r) = [ dr aaa(), (29)
0u(T) = /OT dr’ E(a,7")
= /OT dr’ |:ER(Oé,TI) — %F(a,r') , (30)
pa(T) = /OT dr' I'la, 1), (31)

where «, 3 € {1,2}. (In later chapters we use these same
definitions for o, 8 € {1,...,N}) We have

1

Impa (1) = —§pa(7).

With the initial conditions ¢, (T'; 0) we can transform (27)
into integral equations

(32)

$1(T;7) = exp {1%%(7) n 1711(7)} {z/;l (T:0)

+ [ar e [iL o) - () o a7
(33)
T .
a(T57) = exp | i pa(r) + 1 (r)] {0
+/O dr’ exp [i%(pg(r') - i’ygg(Tl):| iagy (77)1n (T;Tl)}.
(34)
Inserting (34) in (33) we get an equation for ¢, (T;7)

alone. To write this in a transparent form we introduce
functions x1(7;7) and XEO) (T;7) by

b1 (T57) = exp [—%wl(r) i wnm] W(T:7), (35)

XT3 7) = 1 (T50) + hia(T; 7)o (T50), (36)
where
l12(T;7) = i/OT dr exp [i%((pl(’ﬁ) — 502(T1))
—iy11(71) +1722(T1)}(112(7'1)- (37)

Furthermore we define an integral operator L for contin-
uous functions 7 — ¢(7) (7 € [0, 70]) as follows

(L) = - [ dn exp iz (e1(m) = a(m)

i—
70

—im1(m) -l-1’722(7'1)}%2(71)/071 dry exp [—iT—TO(Qm(Tz)

— @2(12)) + i1 (r2) — 1722(72)}@1(72) C(r2). (38)
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We get then from (33) and (34)

(i) = X7 (T5m) + (Da)(Tir). (39)

From (39) we obtain
(1= L)) (T3m) = X7 (Tim) (40)

with the solution
a(Ts7) = (1= 0)7d”) (757)
@+ Y (1) ().
n=1

With (36) this gives

X1(T57) =1 (T 0)+11a(T; 7)4ba (T 0) +Z(L” )T 7).
n=1

(42)
Now we show that all terms on the r.h.s. of (42) except

¥1(T;0) are of order 1/T for large T. We note first that
from (30) and (31) we have

(43)

exp [ﬁ%%(ﬂ] ‘ exp [%Zpa(f)} . (a=1,2).

70
We get now from (37) and (26)

T 17T
[Li2(T; )] S/ dry exp {__ (p2(71)
0

5o (r2() = pa ()|

X ‘exp ( —iy11(m) + 1722(71))‘ la12(71)]

< /OTdﬁ exp [—%%(m(ﬁ)—m(ﬁ))]
x (I'(2,71) — I'(1,71)) AL,
X ‘exp(—i’wl(ﬁ) + iy22(71) )‘ laia(1)[ . (44)

Above, after (13), we have explicitly supposed that all
functions like a12(7),v11(7) etc. are continuous for 7 €
[0, 70]. Thus they are bounded there. We set

{To‘exp(— i’yn(ﬁ)—l—ivgg(ﬁ))‘ |a12(71)|}. (45)

C12 — Inax
71€[0,70]

From (44) we get then with (31)
i T
lli2(T57)| < 012/ dry exp [—Q—(Pz(ﬁ) - Pl(ﬁ))}
0 To
x [I'(2,m) -

le/OTdrl exp [%(ﬁz(ﬁ)ﬁl(ﬁ))}

I'(1,7)] (ToAlmin)

* di (p2(m) = p1(12)) (0 A i) ™"

— g (1= |50 () = ()| ) (ATo)

2
§ 012?(AFmin)71 (46)
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Here we use that due to (26) and (31
T € [0, 70]

) we have for all

p2(7)

In Appendix A we show that for large T

i (L"xio)) (T 7)

n=1

— p1(7) > 7 Al'min > 0. (47)

< Cy (T ALmin) " |91 (T 0))

+Cy(TALwin) ~2[92(T;0)], (48)

where (' 2 are positive constants. We get, therefore, from
(42) with (46) and (48) for large T

x1(T57) = ¢1(T;0) {1 +0 <%>} +0 < > a(T';0).
(49)

Inserting this in (35) we find that for large T the solution
of the original amplitude for the longer-lived state is

D(T5) =exp |1 (7) + i (1)

naofiro(3)|+o(z) e} oo

For the amplitude of the shorter-lived state we obtain,
in an analogous manner, from (34) and (50) (see Ap-
pendix A)

a(T57) =exp |1 (7) + i (1)

x {wl(T;o) @ (%) +2(T50) O (%)}
+ exp [—i%@Q(T) + 1722(7')} ¥2(750).  (51)

The interpretation of the results (50) and (51) is clear.
The amplitude for the longer lived state, « = 1, shows the
usual dynamical and geometrical phase factors, T1(7)/70
and ~11(7), respectively. Both these factors are in gen-
eral complex for decaying states. The shorter lived state,
o = 2, gets in general some feeding from the longer lived
one. Thus the leading term of its amplitude (the first on
the r.h.s. of (51)) has the same exponential factor as the
amplitude for a = 1. But there is a suppression by at least
a factor of order 1/T. For 7 > 0 and large T the second
term on the r.h.s of (51) vanishes exponentially relative to
the first term, see (43) and (47).

In particular, if we start at 7 = 0 with ¢1(7";0) # 0
and ¥9(T;0) = 0, that is only the longer lived state is
populated, the system stays in the state a = 1 up to cor-
rections of relative order 1/7. The amplitude evolves with
the appropriate dynamical and geometrical phase factors.
If, however, we start at 7 = 0 with ¢1(7;0) = 0 and
¥2(T;0) # 0, that is only the shorter lived state is pop-
ulated, it will in general populate to a small extent the
longer lived one. The latter will then feed back on the
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former and “impose” its decay properties on the system.
But all this gives only amplitudes which are suppressed for
large T'. To summarise: the adiabatic theorem in the usual
form can only be used for the amplitude of the longer-lived
state.

5 Several metastable and short lived states

Here we generalise the results of Section 4 to a system
having several metastable and several short lived states.
In detail we suppose that the system has N states where
the first M ones (1 < M < N) are metastable. We suppose
equal decay rates for the metastable states, that is

I'a,7)=1I(1,7) (52)

fora € {1,...,M} and 7 € [0, 79]. The remaining N — M
states should have substantially larger decay rates for all
T: We suppose

IB,7) = I'(a,7) > Alnin >0 (53)

forall o, withl <a< Mand M+1< <N and all
T € [0, 79]. Here Ay is a fixed constant.

The problem is again to solve (17) for large T'. As in
Section 4 it is convenient to transform (17) into an integral
equation. We use the same notation as in (28)—(32) but
now for 1 < «, f < N. With the initial conditions 1, (T;0)
we obtain from (17)

UalT37) = xp | 10 (1) + F10a(7)|
X {wa(T;O) + /OT dr’ exp [i%gpa(T') — i'yaa(T')]

X Z 1aa5

B#a

%TT)}

(I1<a,B<N). (54)

In the following we use matrix notation. We set for the
metastable states

Yo (T;T) = exp [if—ogaa(T) + i"}/aa(’r):| Xa(T57), (55)

(1<a< M),
x1(T57)
x(T;7) = : (56)
xm (T57)

For the short lived states we set with p;(7) from (31)

Ua(Tim) = exp |5 (0] (Tin). 67
0
(M+1<pB<N),
S (T57)
rn=| (58)
En(T;7)
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We have for =0
1(T';0)
X(T;0) = : = x(T;7), (59)
Y (T50)
Yr4+1(T50)
¢(T;0) = : =¢{O(T;7). (60)
YN (T;0)
Furthermore we define
€M+1( 7)
5(0) (T; T) = j ’ (61)
(T57)
£0) (. 1\ — T r ~ .
£ (T 7)=exp |—1—a(T) + 5= p1(T) +1Vaa () | Ya (T 0),
) 270
(M+1<a<N) (62)

The integral equations (54) can then be written in matrix
form as follows

x = x© + LDy 4 L2e
€= 5(0) + L(Q’l)X + L(Q’Q)E.

(63)
(64)
Here the L(»7) are integral operators (generalising (37)
and (38)) which are given explicitly in Appendix B.

The formal solution of (63) and (64) is easily written
down. We get from (64)

(1 _ L(m)) ¢ =0 L 20,y
¢ = ( e 2)) ! (g<o> +L‘2’”x>- (66)

Inserting this in (63) gives

-1
{1 LoD [0 (12 ) L(m)} \

(65)

-1 _
O £ 02 (1 _ L(zz)) £0 (67)
1 -1
Y = {1 _ () _ 12 (1 _ L(2,2>> L(m)}
—1 -
y {Xm) #1091 102) 5(@)}. (68)

This is the exact solution. In Appendix B we show that
for large T we get from (68) the result

= (1-209) 30 0 (1) N
+0 () 1691,
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or written in another form

(T, 7) = O(T:m)x <0>+0< >||x<0>|

+0( )|£<° I

see (B.82) and (B.83). Here the norms [|y(® O and
(B.82) X2,

the M x M matrix U are defined in (B.3), (B.4) and (B.16),
respectively.

The solution for £(T'; 7) is given in (66). The term (1 —
LE2)=1L2 Dy can be estimated using (B.55) and we find

11— LC2)1 L@y <0( )|x|

), (B.16) and (B.41) we get from (71)

(70)

(71)
With (70

11— L&) LBy <

o (2)Ix®1+0 (7 ) Ie”1. 72

The term (1 — L?)~1£0) in (66) can be estimated ac-
cording to (B.71)

I(1-LC2) €0 < Copexp |- AT 101 (73

Putting everything together we find

6rm) =0 (1) W01+ 0 (73 ) 160

texp [%Armm] OMIED].  (74)

Now we can go back to the original amplitudes ¢, (T’; 7)
of (17) and (54). We find from (55), (59) and (70) for the
amplitudes of the metastable states

Yo(T;7) = exp [—1—@(1 } { Z e (T (0)

+0(3)I1+0(7 )u«s@n} (75)

for a € {1,...,M}. Here the matrix of the geometric
phase factors is given by

Ugeom(T; 7_) _ (UE%Om(T; T))a
UE%Om(T§ 7') - exp[iVaa (T)]Uaﬁ (T; T) (76)

with U(T;7) given in (B.16). For the amplitudes of the
short lived states we find from (57), (60) and (74)

wa(ir)=esp |5 @{0(7) nO1+0 (73) 161

texp [%@m 4 Arminv)] o),

Be{M+1,...,N}. (77)

The European Physical Journal D

The interpretation of (75) and (77) is analogous to the
one given for the two-state system in Section 4. Suppose
that for ¢ = 0 only the metastable states are populated,
that is, we have (9 % 0 and ¢© = 0. Then the ampli-
tudes for the metastable states evolve according to (75),
obtaining a dynamical phase factor but also a — in gen-
eral non Abelian — geometric phase factor given by the
matrix U8°™(T'; 7). Corrections to this are suppressed by
a factor T~! for large T. Looking through the formulae
of Appendix B we see that these suppressed terms are of
order (T'A@'yin) ! relative to the leading term. We shall
analyse the metastable states further in Section 6.

On the other hand, suppose that initially only the
short lived states are populated, that is, we have x(9) =0
and £© £ 0. Then the amplitudes of the short lived
states have one part showing a fast decay correspond-
ing to the decay rates of the short lived states and terms
O(1/T?) showing the decay as for the metastable states.
The metastable states get in this case only amplitudes
suppressed by O(1/T).

6 The metastable states

In this section we study the evolution of the metastable
states alone. That is, we assume 7' to be large enough
such that all terms O(1/T) can be neglected. We have
then from (75)

ZUagTTXﬁ, ae{l,...,M}, (78)
where
U(T;T) = (Uaﬁ(T;T)>
= UYN(T;7) U™ (T; 1), (79)
U™, 7) = (exp [—i%g@a(r)} 5a5) (80)

and U™ (T'; 1) is defined in (76). This gives with U from
(B.16)

Uap(T;T) = exp [—i%g@a(r) + ivaa(r)} Uag(T;T). (81)

From (29), (30), (B.16) and (B.17) we find

U(T;0) = 1y, (82)
%U(T 7)== (T;7)U(T;7), (83)
where
N (T57) = (%ﬁ(T;T)>,
Aoa(T57) = B0, 7)o — a7,
a,Befl,... M. (84)
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Thus, the amplitudes for the metastable states (78) evolve
according to the effective Schrodinger equation

o M
ig ¥a(T57) = > Nap(T;7)bs(T57),
B=1
ae{l,...,

M}. (85)

with effective mass matrix A4 (T; 7).

Recall that we supposed equal decay rates for the
metastable states. If the energy eigenvalues for these states
satisfy (19) we can use the results of Section 3. Then the
amplitudes 1, (T;7) (85) decouple in the evolution for
T — oo and we get up to corrections of relative order
1/T (see (20))

Ya(T;7) = exp [_i%@a( ) + oo (T )] XY, (86)
U(T;7) = (eXp {_i%% + iYaal(r } )
U (T3 7) = ((exp [7aa ()] das ). (88)

That is, in this case the matrix of geometric phase fac-
tors becomes diagonal. In the general case, however,
Ueeo™(T; 1) will contain non-diagonal terms.

Finally, we note that the results of this paper remain
the same if the metastable states have slightly different
decay rates and we consider only times 7' for which

|[[(e,7) = I(B,7)]T| < 1
for all a, 8 € {1,..., M} and all T € [0, 7¢].

(89)

7 Conclusions

In this article we have analysed the temporal behaviour of
a system consisting of several metastable and several short
lived states. The mass matrix governing the evolution of
the system was supposed to be slowly varying with time,
see (1)—(5). The adiabatic theorem, adapted to decaying
states, was shown to hold for the metastable states, see
Section 5. The evolution of these states (see (78), (79)) is
governed by a dynamical phase factor matrix U®™(T' 1)
(80) which is diagonal and a geometric phase factor matrix
Usee™(T; ) (76) which, in general, is not diagonal.

In the accompanying paper II we apply these results to
a study of the states of hydrogen and deuterium with prin-
cipal quantum number n = 2 in slowly varying external
electric and magnetic fields. The 2S states are metastable
and we shall define and discuss parity conserving and par-
ity violating geometric phase factors for them.

The authors thank M. DeKieviet, D. Dubbers, and U.
Jentschura for many useful discussions and W. Wetzel for
his continuing support concerning the computational aspects
of this work. They also thank W. Bernreuther, D. Bruf,
and K. Jungmann for encouraging comments. This work was
supported by Deutsche Forschungsgemeinschaft under project
No. NA 296/3-1.
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Appendix A

Here we give the details of the estimates (48) and (51) for
the two-state system discussed in Section 4.

We start with the proof of (48). The operator L is
defined in (38). For any continuous function 7 — {(7) on
the interval [0, 7] we have with (26) and (43)

T T
@O < [ dn exp| 5 (oat) = pa(r) |
% lexp [—iy11(71) +iv22(m1)]| |arz(71)]
X/o dry exp [2—7;0 (pg(TQ) —pl(Tg))]
X [F(2 TQ) 7F(1 Tg)]

x AL Jexp [iv11(72) — iy22(72)]| |az1(72)]

x  max |¢(7)]. (A1)
7/€[0,70)
Analogously to (45) we define
co1= max {7o|exp[ivi1(r2) —ire2(m)]| la21()|} (A.2)

T2€[0,70]

where co; is a finite, non-negative constant. We get then
with (45) and (A.2)

At

min

[(LO)(T)] < crzear g max [((7')]

7/€[0,70]
X /OT dri exp [%(pz(ﬁ) - Pl(ﬁ))]
x /OT1 dry exp [%(/}2(7'2) - Pl(ﬁ))}

X %(m(ﬁ) —p1(12))

= C12€21 TO A‘me max |C(Tl)|
7€10,70]
2 T T
% ; dm {1 — exp |:—%(p2(7'1) - pl(ﬁ))] }
< c12021 Ame T Tren[g)io] I<(7)] - (A.3)
Setting
TO = 2612021 Ame (A4)
we have thus
COE| <2 max |¢(r) (A5)
- T 7/€[0,70)
and by straightforward iteration
o\
® < | = . A6
@oml < (F) mex 6l (@40
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For large enough T we have certainly T > 27, and we get  Using the same techniques as for (L¢)(7) we find with coq
from (A.2) and with (49)

‘X(Ql) (T; 7—)‘ S CQI(TOAFmin)il

00 . S Fo n ) . .
L < — . / ’
S o <3 () e o) X _maxlexp-m(r) + )
% o\t X exp [l(Pz(T) - Pl(T))]
= <1 - —> max _[¢(7)] 270
T T 7/€[0,70) T T
) X / dri exp {—(Pz(ﬁ) - Pl(ﬁ))]
<20 max o) (A7) 0 o
- T T'E[O?‘f‘g] T ' '

X %(P2(Tl) —pi(m1))

[ 1\] 1
«{rol|1+0(7)] +o () vl
Replacing here ((7) by X(IO) (T;7) we get with (36) and 9 - N
(46) < AT e max exp [=in (77) + yaa(7)]|
T 7/€[0,70]
[ 1\] 1
«{rol|1+o(3)] +o () o).
o0 2~ L d
> (L)@ < T max ({77 (A-13)
7' €0,
n=1 ’ Inserting (A.10)—(A.13) in (A.9) proves (51).
27, 1 To summarise, we find the following results where for
< T {W)l (T50)|+ 0O <?> [V2(T; 0)|} (A.8) later use in II we write out the nominal order of magnitude
of the first correction terms

B(T5) = exp |~ (1) + s (1)

which proves (48).
dcigean

For the proof of (51) we start from (34) and (35) to x {wl(T;O) [1 + TALo 0(1)}
get
2012

* T AFmin

0(1)¢2(T;0)}, (A.14)

Yo (T57) = w3 (T 7) + 52 (T 7), (A.9)
UalT57) = exp [i;z;salm n 1711(7)]

where 2¢01 )
X {m O(1)y1(T50)

T +

deorcrn )
w8 (T57) =exp [—iT—Ow(r)mu(T)} X5 (T37), (A10) ? 0(1”’2@’0)}

(T Almin)

+exp |:—iTZO(p2(T)+i’YQQ(T):| wQ(T;O). (A15)

AT = exp | i (a(r) = ()

il
T0
X exp [—in11(7) + 1722(7)] Appendix B
y /T i exp {12 (@2(7_1) — (ﬁ))] Here we give the detail§ of the calculations in Section 5.
0 Inserting (55)—(58) in (54) we get (63) and (64) where

. . . we define the operators L7 (1 <4, j < 2) as follows. Let
X exp [im1(r1) — yaa(m1)] a1 (r1)a (T ), P I<ij<2)

(A.11) ()
2) /. _ Z . ) T — ((7—) = » (Bl)
s (T;7T) =exp {—17_0 wa(T) + 1722(7')] ¥2(T;0). (A.12) Car(7)
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and

nv+1(7)
T—n(r)= : (B.2)

v (7)

be continuous vector functions for 7 € [0, 79]. We define
the norm for such functions as

Il = s, 1ol (B.3)
TE[OT()]

Ioll =, max_ sl (B.4)
T€[0,70]

The operators L(*7) are defined as
T T
(L09¢) (7) =i / dr’ exp {i—soa(T’) - ma(T’)]
« 0 T0
M
X Y aap(T) (1= Gap)
5=1

< exp [—i%ww) n imm} (),
(1<a< M),

T T .
T) = exp [—l—osﬁa(T) + Q—Topl(T) + WW(T)}

o exp [l—m ) = (s

Jexp | i s(r") + aal)| o),

(B.7)

T T
(2,2) — i - i
(£620)  7) = exp | ~ima(r) + 51 (1) + a7
7 ’ T / . /
X 1/ dr’ exp [1—9%(7 ) — iVaa(T )}
0 T0

N
<D analr) (1= dup)exp |- () ms(r)
B=M+1

(M+1<a<N). (B.8)

Our aim is to derive estimates similar to (46) and (A.3)-
(A.8) in order to prove (69). Let us first recall that we are
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supposing all functions of 7 to be continuous for 7 € [0, 79).
Thus we can define the following dimensionless nonnega-
tive and finite constants

Ci1 = 1-9
= max 7 aap(T) (1 = dap)
126<M,

T€[0,70]

% exp [—ivaa(r) +iss(T)] |, (B)

max
1<a<M,
M+1<B<N,
T€[0,70]

70| 0as ) expFivaa (T)+ivs[)) ’, (B.10)

Cy1 = max
M+1<a<N,
1<B<M,

T€[0,70]

0|0 () exp [~9aa(7) + 3a(7)] |

(B.11)
C122 =

max
M+1<a<N,
M+1<B<N,
T€[0,70]

70|aas(7) (1 — dap)

X exp [—i1Vaa(T) +iv8s(7)] |- (B.12)

Now we consider the solution for x given in (68). With
simple algebra we can rewrite it as follows

X = (1 - L(1’1)>_1 (1 - E)_l
" { © 4 L0 (1 1) g<o>}

~-) (57)

{x<0 + L2 ( e 2>) £<0>} . (B.13)
where
—1 —
L=r142 (1 - L(2’2)> LD (1 - L(1’1)> (B.14)
We study first the operator (1 - L(l’l))il. Let
G
=1 " (B.15)
Cm

be a constant vector. We define a M x M matrix function
U(T;7) by

O(T; 7)¢, = ((1 . L“’”)f1 Cc) (7)



206

From (B.5) and (B.16) we find

—U(T5m)¢e = 5 {c + <L<1 ”Z(L“ vy’ <> (r)}

r=0

= A(T;7)U(T;7)¢e

(B.17)

where
AT;7) = (AaB(T§ T)) ,
Aap(T57) = oxp [Lp () - mm} i05(r) (1 — Ga)

T )
X exp —1T—O<P6(T)+Wﬁ6(7) :

(1<a,8<M). (B.18)
We have
U(T;0) =1y, detU(T;0)=1 (B.19)
TrA(T;7) =0, for all 7 € [0, 7g]. (B.20)
We also have the relation
a% det U(T;7) = TrA(T; 7) det U(T; 7) (B.21)

following from (B.17). We find, therefore, with (B.20) and
(B.19)

det U(T;7) = det U(T;0) = 1 (B.22)

for all 7 € [0, 7). Thus U(T’; 7) is never singular and has

an inverse U~ 1(T';7) for all 7 € [0, 79]. For the inverse we
have

9

or (Tim) = U

(T; 1)A(T; 7). (B.23)
The matrix elements A,g(T;7) (B.18) are bounded as we

see from (B.9), (43) and (52):

Ao (Ts )| < 12

(B.24)
70

for all 7 € [0, 79]. We show now that also the matrix ele-
ments U,p(T; 7) and U(;ﬁl (T'; 7) are bounded. Indeed, con-

sider
B(T;7) = U(T;7)UN(T; 7). (B.25)
We can diagonalise this matrix
S(T;7)B(T;7)ST(T;7) = diag (b1 (T;7), ..., ba (T; 7))
= Bdiag(T;7), (B.26)
S(T;7)ST(T;7) = 1. (B.27)
The eigenvalues b, (T; 7) must be positive
bo(T;7) > 0, for all 7 € [0,70], (a =1,...,M). (B.28)
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Now we consider TrB(T'; 7) and find from (B.17)

%TI‘B(T;T) =Tr {A(T;T)B(T;T) + B(T; T)AT(T; T)}
= Tr{Bdiag(T; T)

x [S(T;7) (A(T;7) + AN (T 7)) ST(T; 7)) }

M
Z (T;7)A! (T;7), (B.29)
where
AL (Ty7) = [S(Ty7) (A(T;7) + AN(Ts 7)) ST )] -
(B.30)
Suppressing the arguments (T';7) we have
M
A:xa = Z (AB’Y + Afyﬁ) Saﬁ‘s’:wya (B31)
B,y=1
2
M
2 * *
|Aixa| = Z (AB’Y +A’Yﬁ) Saﬁsa’y
By=1
M ) XM
< | D s+ A% D (SasSi,SapSan)
By=1 By=1
M
— Z |Agy + A% |
By=1
Ch\ 2
< 4M? (i) (B.32)
70
Thus we find
C
|AL | < 2M$ (B.33)
and from (B.29)
0 Ci1
5-TeB(T;7) < 2M— Zb (T; )
011
— oM 2T B(T; 7). (B.34)
70

From (B.34) and the initial condition (B.19) we see that

Tr {U(T;T)UT(T;T)} < Mexp(2MCyy)  (B.35)

for all 7 € [0, 7). This shows that all matrix elements of
U (T'; 7) stay bounded and, in particular, have no terms
growing exponentially with 7. Using (B.23) it is easy
to show that the same holds for all matrix elements of
U—YT;T).

Consider now an arbitrary vector function 7 — ¢(7)
as in (B.1) and set

arr) = ((1-2) " ¢) ()

=C(r)+ (L(l’l)(fT) (7). (B.36)
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‘We have then

¢r(0) = ¢(0),
9z . _ 0r) NE
ECT(T) = ? +A(T,T)CT(T).

The solution is

Cr(7)

0

Since the matrix elements of A(T;
-
with the norm as in (B.3) we get

el < Clll-

=((1) + U(T; T) /T dr’ (Af*l(T; TYA(T; )¢(T).

7), U(T;7) and
Y(T; 1) are all bounded, see (B.24)—(B.35), we see that
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Using (43), (B.10) and (B.11) we find the following esti-

martes
(337 (56) (7] < HCuCalclary,
(B.38)
ﬁ%; [ e - )=o)
/ drs eXp[ (ps(m2) — Pl(@)}
(B.39) x [[(B,72) = I'(1,72)]
<M(N - M)C’lgCglAFr;mTH(H, (B.45)

[KO¢|| < M(N — M)C12C ATL

min T

In a similar way we get for 1 <a < M

(KW¢) ()= (42LeDLEE) (7)

=) (B.46)

(B.40)

Here C is a constant. That is, we have from (B.36)

-1 -
—LOD) ) < CYell

11

The next term to consider is the following operator occur-

ring in (B.14)

¥ ZZ/dﬁ

(B41) B=M+1~v=M+1 2=1

T
X exp |[i—pq(T1) —1—(,03 1)
T0

X aap(T1) exp [~1Yaa(T1) +1755(71)]
< i [ e i ga(m) — i ()
i To exp |i—pg(m2) —i—p~ (T
L(12)( (22) L(21)_ZL12 ( ) 2D . 2 P_TOQOB 2 7_0()0’)’ 2
X apy(12) (1= 0py) exp [—ivpp(72) + ivyy(72)]
= (r) 2 [T T
ZK (B.42) X i/ drs exp |i—p~(T3) —i—ap,{(rg)}
r=0 0 L 7o T0
here X ya(73) XD [ () + e (13)] (7). (BAT)
r N N M .
K _ (12 (L(2,2)) Jaca) (B.43) ‘(K‘”g) (7_)} <Y Y 3/ an
¢ B=M+1y=M+1 =10
Let ¢(7) be as in (B.1). We get then . i( () = pa(m)) Cia
p 27 P1\TL) — PplT1 To
K(O)C (1) = L(LQ)L(Q’DC (1) T1 T
( )a ( )a X /0 dry exp {2_70 (pp(r2) — p’y(Tg)):|
N M
T T T _
= Z Z / dr exp |:i—(pa(7'1)—i—(p3(7'1):| (B, ) F(1772)C22
=M+1 = 0 70 70 AL min
X Gas(n) &xp [~#7aa(n) + is3(m)] < [T o | o () - )|
L T T
- i il I'(y,73) — I'(1,73)
X aox(72) €XP [ 71950 (72) M (m2)] G (72), < M(N — M)012021AF1111111T(N M)C22AF£mT||C||

(a=1,...,M).

(B.44) (B.48)
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Thus we get
| KEW¢| < M(N - M)C’lgc’glAleln;
x (N — M)CQQAFmI{qT I¢l- (B.49)
It is easy to see that this can be generalised to
|KOC < M(N — M)CroCn ATl
< |- ancnarg 2] i
(r=0,1,2,...). (B.50)

Now we can go back to (B.42). For {(7) as in (B.1) we get
for large enough T

(12) (1 _ 7 @2\—=17(21) - — o ()
L5521 = L52) L= KC

o

<YK

T>c|| <0(7)ld- ®s)
r=0
Here we use that for large enough 7, °°0  [|[K™¢]| is
bounded by a convergent geometric series due to (B.50).
The analogous argument was already used in (A.7).

In an analogous way we can estimate

o0
(1 _ L(2’2))_1L(2’1)C — Z(L(Q,Q))’!‘L

2Ye  (B.52)
r=0
where 7 — ((7) is as in (B.1). We find
1LY LEVC| < Cor(TALnin) ™
x [(NV = M)CzﬁfmiT} <l (B-53)
where
Co1 = 2MCy L | exp (iVaa (7)) |- (B.54)
T€[0,70]

With the argument of the geometric series we get, there-
fore, for large enough T

11— LC?) 1L21<|<0< >||<|| (B.55)

Consider next the operator L (B.14). From (B.51) and
(B.41) we get, always for large enough T,
HL(I’Q)(l _ L(2’2))_1L(2’1)(

IZ¢) = 1- L&)~

<o )Ia-L0) 710 (1)l (®56)
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Iterating this and using again the argument based on the
geometric series leads to

H ZL’“CH <0 < > Icll- (B.57)
The next term to consider in (B.13) is (1 — L(2:2)~1£(0)
We analyse this term in a way similar to (1 — L 1))
above, see (B.15)—(B.35). Let
Ne M+1
Ne = (B58)
Ne N

be a constant vector and set as in (62)

5 T T .
Na(T;7) = exp {—1—%(7) + —p1(7) + 170((1(7—):| TNeas
T0 27’0
ae{M+1,...,N}.

We define a matrix function V(T';7) by

(B.59)

N
> Vas(Tirhmes = (1= L®2)™'5) (T37), (B.60)
B=M+1

V(Ti7) = (VaplT57) ).

a,fe{M+1,...,N}. (B.61)

This matrix satisfies
V(T50) = In-n, (B.62)
%V(T;T) = /I(T;T)V(T;T), (B.63)

where we get with (28)—(31)
A(T;7) = (Aap(Ti7) )

AaplTi7) = |~ Blavm) + 5P (17)] s + 0a(7),
70

70
a,fe{M+1,...,N}. (B.64)
In analogy to (B.25) we consider
B(T;7) = V(T;7)VI(T; 1) (B.65)
and get
9 - - : _
9 Y . . oy
—TB(Ti7) = Tr {B(T,T) [A(T, )+ A (T,T)} }
2c ~
= |:_AFm1n + :| TI‘B(T, T)v (B66)
70
where we used (53) and set
N 1/2
70
=7, max 3 Y, laas(r)—aga(r)P (B.67)
G=M+1
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From (B.66) we get easily
. 2¢c T
TrB(T;7) < (N — M)e““exp | —— AlminT |, (B.68)
70

|Vap(T;7)| < VN — M e“exp (;Afmiﬂ) (B.69)
70

for all o, 0 € {M + 1,...,N}. With the Cauchy-Schwarz
inequality we get from (B.68) also

N
Y Vas(Ts7)]
a,f=M+1
N N 1/2
< > WVas(Tin) >
a,B=M+1 a,B=M+1
. 1/2
— (N - M) [TrB(T;T)}
3/2 ¢ T
< (N — M)*/“e®exp 72—Afmin7 . (B.70)
70

From (B.70) we find
(a-ze2)3) ]| >
e

. T
< Cyg exp (—%Apmirﬂ-) 7|,

ac{M+1,...,N}, (B.71)
where
Cay = (N — M)3/2ec. (B.72)
With the result (B.70) we can estimate the term
L(1’2)(1 _ L(2,2))’1£(0) — L(1,2)V§(0) (B.73)

in (B.13), where £(©) is given in (60) and £ in (62). We
get from (B.6)

(Lu,z)vg(m) (r) =

)
i/OT dr' exp [i%%(r ) — %pl( ") — i%ta(T')}

X aap (T ) Vay (T; 7)€,
By=M+1
ael{l,...,M}; (B.74)
(aovem) 1o
C N
Sz o) / dr' V(T3 7). (B.75)
ﬁ'y M+1
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where we set
Cly = 1SIIéaéXM 10laas(T) exp (—iVaa (7)) |- (B.76)
M+1<B8<N
T€[0,70]

With (B.70) we obtain finally

L1 — L‘Q’”)—lé@n = |[L&Dve@)
< Afmmcuw M)3/2ec| €. (B.77)

Now we have collected all tools needed to discuss the so-
lution for x(T'; ) given in (68) and (B.13) for large T'. We
have from (B.13)

v=(1- L<1,1>>‘1 [Xm) F109 (1 L(m))”g@}

+ (1 -t

—1 -
x {x(‘” + L0 (1 - L(Q’Q)) 5(‘”] . (B.78)

o0

,1>)‘12yc

k=1

From (B.77) we have

—1 _ 1
1202 (1-222) €0y =0 (1) 160, (@79

With (B.57) and (B.41) we find
[(1-200) 2B =0 (F) Wl w0
(1 n0m) S0 (1= n00) g -
k=1

1
0 (72 ) 1€

Inserting all this in (B.78) gives

X = (1 — L(1’1)> X+ 0 ( ) ||X(0)||

+0 ()10 (Bs2)

(B.81)

With the definition of the matrix U (T; 7), (B.16), we get
explicitly

M(Ti7) = O ® + 0 () 11+ 0 (7 ) 16
(B.83)
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